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I. Laws of Gravity, Dark Matter and Dark Energy

General relativity (Albert Einstein, 1915):

• The principle of equivalence says that the space-time is a 4D Riemannian
manifold (M, gµν) with gµν being regarded as gravitational potentials.

• The principle of general relativity requires that the law of gravity be covariant
under general coordinate transformations, and dictates the Einstein-Hilbert
action:

(1) LEH({gµν}) =

∫
M

(
R+

8πG

c4
S

)√
−gdx.

• The Einstein field equations are the Euler-Lagrangian equations of LEH:

(2) Rµν −
1

2
gµνR = −8πG

c4
Tµν, ∇µTµν = 0
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New Gravitational Field Equations (Ma-Wang, 2012):

The presence of dark matter and dark energy implies that the energy-momentum
tensor of visible matter Tµν may no longer be conserved: ∇µTµν 6= 0.

Consequently, the variation of LEH must be taken under energy-momentum
conservation constraint, leading us to postulate a general principle, called principle
of interaction dynamics (PID) (Ma-Wang, 2012):

(3)
d

dλ

∣∣∣
λ=0

LEH(gµν + λXµν) = 0 ∀X = {Xµν} with ∇µXµν = 0.

Then we derive a new set of gravitational field equations

(4)

Rµν −
1

2
gµνR = −8πG

c4
Tµν −∇µΦν,

∇µ
[

8πG

c4
Tµν +∇µΦν

]
= 0.
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• The Einstein-Hilbert action is dictated by the symmetry principle (principle of
general relativity), together with simplicity of laws of Nature, and

the Einstein-Hilbert action should not be altered.

• The new term ∇µΦν is non-variational, and cannot be derived

– from any existing f(R) theories, and
– from any scalar field theories.

Namely,

the term ∇µΦν does not correspond to any Lagrangian action density,
and is the direct consequence of PID.

• The field equations (4) establish a natural duality:

gravitational field {gµν} ←→ dual vector gravitational field {Φµ}
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Central Gravitational Field

Consider a central gravitational field generated by a ball Br0 with radius r0 and
mass M . The metric for r > r0 is in the form

(5) ds2 = −euc2dt2 + evdr2 + r2(dθ2 + sin2 θdϕ2), u = u(r), v = v(r).

Then the field equations (4) take the form

(6)

v′ +
1

r
(ev − 1) = −r

2
u′φ′,

u′ − 1

r
(ev − 1) = r(φ′′ − 1

2
v′φ′),

u′′ +

(
1

2
u′ +

1

r

)
(u′ − v′) = −2

r
φ′.
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The gravitational force in r > r0 is given by

(7) F = −c
2m

2

d

dr
eu(r).

We can deduce the following conclusions (Ma & Wang, 2012):

1) The gravitational force F is asymptotically zero: F (r)→ 0 as r →∞.

2) There exists a sufficiently large r1 such that the gravitational force F is repulsive
for r > r1, i.e.

F (r) > 0 if r > r1.

3) The force F has an approximate expression:

F (r) = mMG

[
− 1

r2
− k0
r

+ k1r

]
for r0 < r < r1,

k0 = 4× 10−18km−1, k1 = 10−57km−3.
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Conclusions 1)-3) provide an explanation of the dark matter and dark energy
phenomena:

dark matter and dark energy are intrinsic properties of gravity, through
the nonlinear interactions of the gravitational potentials {gµν} and {Φν}
through the gravitational field equations (4).

In summary,

• the presence of the dark matter and dark energy phenomena requires the
inevitable need for modifying the Einstein GR.

• to preserve the conservation of energy-momentum and the Einsteins two
principles: PE and PGR, and to incorporate the dark matter and dark energy
effect, the unique route for altering the Einstein GR is through PID, which
takes variation of the Einstein-Hilbert action subject to energy momentum
conservation constraint.
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II. Gravitational field particle and radiation

Two basic attributes for fundamental interactions:

1) each interaction possesses its own field particles and its own radiations,
and the field particles are massless, electric neutral bosons;

2) each interaction possesses its own potentials and force.

Gravitational field particle. From the field equations (4), we identify

• the dual field {Φµ} as the gravitational field particle.
• {Φµ} is the dark matter, and the energy carried by {Φµ} is the dark energy.
• {Φµ} represents the graviton.
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Gravitational radiation. We infer from the field equations (4) that

(8) ∇µ∇µΦν = −8πG

c4
∇µTµν.

which is called the gravitational radiation equation, representing the field equation
of gravitons.

Gravitational radiation wave. In vacuum, Tµν = 0. Then equations (8) becomes

(9)

(
1

c2
∂2

∂t2
−∇2

)
Φν = 0,

which is the wave equation of gravitational radiation.
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The gravitational radiation wave is different from the gravitational wave:

The radiation wave is about the field particle {Φµ} in (4), representing the
propagating of gravitational field energy.

The gravitational wave is about space metric {gµν}, representing the
propagation of space-time deformation. In fact, because the gravitational
wave is very weak, {gµν} can be written as

(10) gµν = δµν + hµν,

(
1

c2
∂2

∂t2
−∇2

)
hµν = 0.

Also, we remark that

the gravitational field particle and radiation are used to explain the spiral
structure of galaxies, which, in return, can be considered as the experimental
evidence and support for gravitational radiation; see reference [4].
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